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We study the conditions under which an almost Hermitian structure (G, J) of general 
£N| ' natural lift type on the cotangent bundle T*M of a Riemannian manifold (M, g) is Kahlerian. 

First, we obtain the algebraic conditions under which the manifold (T* M,G, J) is almost 
Hermitian. Next we get the integrability conditions for the almost complex structure J, 
' then the conditions under which the associated 2-form is closed. The manifold (T* M, G, J) 

is Kahlerian iff it is almost Kahlerian and the almost complex structure J is integrable. It 
follows that the family of Kahlerian structures of above type on T* M depends on three 
essential parameters (one is a certain proportionality factor, the other two are parameters 
\^ • involved in the definition of J). 
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1. INTRODUCTION 

The fundamental differences between the geometry of the cotangent bundle 
T*M and that of the tangent bundle TM of a Riemannian manifold (M,g), 
are due to the different construction of lifts to T*M, which cannot be defined 
just like in the case of TM(see [14]). 

The possibility to consider vertical, complete and horizontal lifts on T*M 
leads to interesting geometric structures, studied in the last years (see [5], 
0, Mi BEL P], 02], 03] , [H], pi], pH, HE])- Due to the duality 

qq ' tangent bundle-cotangent bundle, some of these results are very much similar 

O ■ to previous results for the tangent bundles. 

£al \ In the present paper we study the conditions under which a structure (G, J) 

of general natural lift type on the cotangent bundle T*M of a Riemannian 
manifold M is a Kahlerian structure. The similar problem for the tangent 
bundle was treated by Oproiu, in the paper [6] (see also [7] for the diagonal 
case). A part of the results from the papers [12], [15], [16], may be obtained 
as particular cases from those in the present paper. 

First we consider a tensor field J of type (1, 1) on T*M which is a general 
natural lift of the Riemannian metric g. The condition for J to define an 
almost complex structure on T*M leads to certain algebraic relations between 
the parameters involved in its definition. Four of the eight parameters involved 
in the definition of J may be obtained as (rational) functions of the other 
four parameters. The integrability condition for the almost complex struc- 
ture J implies that the base manifold must have constant sectional curvature. 
Then some other relations fulfilled by the parameters and their derivatives 
are obtained, so that the essential parameters involved in the definition of the 
integrable almost complex structure are two. 

In the next section we study the conditions under which a Riemannian 
metric G which is a general natural lift of g, is Hermitian with respect to 
J. We get that the structure (G, J) on T*M is almost Hermitian if and only 
if the coefficients ci, ca, C3, involved in the definition of the metric G are 
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proportional to the coefficients a±, a>2, 03, involved in definition of the almost 
complex structure J, with the proportionality factor A, and the combinations 
ci + 2tdi, C2 + 2td,2, C3 + 2td% are proportional to a± + 2tb\ , a2 + 2t6 2 , 03 + 2^63, 
the proportionality factor being chosen of the form A + 2i/i. The main result is 
that the structure (G, J) is Kahlerian if and only if fi = A' and the coefficients 
bi, &2) &3 of the almost complex structure J may be expressed as certain 
rational functions of a%, a>2, 03, and their derivatives. The condition for (G, J) 
to be Kahlerian is obtained from the property for (G, J) to be almost Kahlerian 
and the integr ability property for J. 

Some quite long computations have been done by using the Mathematica 
package RICCI for doing tensor calculations. 

The manifolds, tensor fields and other geometric objects we consider in this 
paper are assumed to be differentiable of class G°° (i.e. smooth). We use 
the computations in local coordinates in a fixed local chart but many results 
may be expressed in an invariant form by using the vertical and horizontal 
lifts. The well known summation convention is used throughout this paper, 
the range of the indices h, i, j, k, I, m, r being always {1, . . . , n}. 

2. PRELIMINARY RESULTS 

Let (M, g) be a smooth n-dimensional Riemannian manifold and denote its 
cotangent bundle by ir : T*M — ► M. Recall that there is a structure of a 2n- 
dimensional smooth manifold on T*M, induced from the structure of smooth 
n-dimensional manifold of M. Prom every local chart (U, ip) = (U, x , . . . , x n ) 
on M, it is induced a local chart (-7r -1 ([7), = (7r~ 1 (C/), q 1 ,..., q n ,pi, ■ ■ ■ ,p n ), 
on T*M, as follows. For a cotangent vector p S -k~ 1 (U) C T*M, the first n 
local coordinates q , . . . , q n are the local coordinates of its base point x = ir(p) 
in the local chart (U, ip) (in fact we have q l = n*x l = x l o tt, % = 1, . . . n). 
The last n local coordinates p%, ... ,p n of p € 7r _1 (L r ) are the vector space 
coordinates of p with respect to the natural basis {dx^,y . . . ,dx™^), defined 

by the local chart (U, ip), i.e. p = Pidx^ry 

An M-tensor field of type (r, s) on T*M is defined by sets of n r+s compo- 
nents (functions depending on q % and pi), with r upper indices and s lower 
indices, assigned to induced local charts (7r _1 ([/"), $) on T*M, such that the 
local coordinate change rule is that of the local coordinate components of a 
tensor field of type (r, s) on the base manifold M (see [4] for further details 
in the case of the tangent bundle). An usual tensor field of type (r, s) on M 
may be thought as an M-tensor field of type (r, s) on T*M. If the considered 
tensor field on M is covariant only, the corresponding M-tensor field on T*M 
may be identified with the induced (pullback by tt) tensor field on T*M. 

Some useful M-tensor fields on T*M may be obtained as follows. Let v, w : 
[0,oo) — > R be smooth functions and let ||p|| 2 = g~fo\(p,p) be the square of 

the norm of the cotangent vector p G 7r -1 ([/) (g~ l is the tensor field of type 
(2,0) having the components (g kl (x)), which are the entries of the inverse of 
the matrix (gij(x)), defined by the components of g in the local chart (U, ip)). 
The components vgij(ir(p)), Pi, w(\\p\\ 2 )piPj define respective M-tensor fields 
of types (0,2), (0,1), (0,2) on T*M. Similarly, the components vg kl {ir{p)), 
9 0t = Ph9 hl , w(\\p\\ 2 )g 0k g 01 define respective M-tensor fields of type (2,0), 
(1,0), (2,0) on T*M. Of course, all the above components are considered in 
the induced local chart (7r~ 1 (C/), <J>). 
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The Levi Civita connection V of g defines a direct sum decomposition 
(2.1) TT*M = VT*M HT*M. 

of the tangent bundle to T*M into vertical distributions VT*M = Ker 7r* and 
the horizontal distribution HT*M. 

If (7r _1 (J7),$) = (vr-^C/)^ 1 ,...,^,^,...,^) is a local chart on T*M, 
induced from the local chart (U,tp) = (U, x , . . . , x n ), the local vector fields 
3pi ' • • • ' <9§~~ on 7r_1 (^ r ) define a local frame for VT*M over 7r _1 ([/) and the 
local vector fields -^j, . . . , define a local frame for HT*M over -n~ l {U), 



where 



and r^(7r(p)) are the Christoffel symbols of (7. 

The set of vector fields {^-, • • • , ^r, • • • , ^} defines a local frame on 
T*M, adapted to the direct sum decomposition (|2.1|) , 

We consider 

(2.2) t = ±\\pf = Ig-^M = \g lk {x) Pm , p e ^\u), 

the energy density defined by g in the cotangent vector p. We have t G [0, 00) 
for all p G T*M. 

Roughly speaking, the natural lifts have coefficients as functions of the 
density energy only ([1], [2], [3]). 

From now on we shall work in a fixed local chart (U, (f) on M and in the 
induced local chart (7r -1 (J7), $) on T*M. 

We may easily obtain the following 

LEMMA 2.1. If n > 1 and u,v are smooth functions on T*M such that 
either 

ugij + vpipj = 0, ug ij + vg 0i g 0j = 0, or u5) + vg oi pj = 
on the domain of any induced local chart on T*M , then u = 0, v = 0. 



3. THE INTEGRABILITY OF THE ALMOST COMPLEX 

STRUCTURES 



If X is a vector field X G X(M), then gx is the 1-form on M defined 
by the relation gx(Y) = g(X,Y), VY G X(M). Using the local chart of M, 
(U, x 1 , . . . , x n ), we may write X = X 1 A. Then g x = gijX j dx\ g_a_ = gijdx j . 

Let us consider a 1-form 8 G A X (M). Then = g^ 1 is a vector field 
on M defined by the musical isomorphism g(6^,Y) = 0(Y), VY G X(M). 
If = 8idx l , then 0" = g^Qj-Jj^, the expressions being on the local chart 
(U,x\...,x n ) of M. 

For G T*M we consider the vector pfi tangent to M in 7r(p). 

The Liouville vector field on T*M is p^, expressed by p v = p%-§—. in every 
point p of the induced local chart (ir (U), <£) on T*M. 

The similar horizontal vector field on T*M is (p^) H , with the expression 
(fp)^ = 9° l ~if m ever y point p of the induced local chart (tt~ 1 {U), <£) on 
T*M (recall that =p h g hi ). 
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Consider the real valued smooth functions a\, a 2 , 03, 04, b\ , 62 > 63, 64 
defined on [0, 00) C R. We define a general natural tensor of type (1, 1) on 
T*M by its action on the horizontal and vertical lifts on T*M 

JX? = ai {t)(g x ) v p + bi{t)p{X)pV + a 4 (t)Xj? + b A (t)p(X)(pt)* , 

J9 V = a 3 (t)6 v + 63(t)^)(p, %J " a 2 (t)(0«)* - 6 2 (t)^ ) (p, 0)(p«)f, 

in every point p of the induced local card (7r _1 (C/), <3?) on T*M, V X € 
#(M),V G A X (M). 

With respect to the local adapted frame {jj-r, jjjp}i,j=i,...,n, the expressions 
of J become 



(3.1) 



Jj$ = ai(t) gij £- + bx{t) Pi C + a 4 (i)4r + b 4 (t) Pi C, 



where we have denoted by C = the Liouville vector- field on T*M and by 
C = (p^) H , the corresponding horizontal vector field on T*M. 
We may write also 



(3.2) 
where 



J- 



4 1} = + h(t)p iPj , JA\ = a A {t)5l + b A {t)g^ P i 



J3) = a 3 (t)5* + b 3 (t)g 0i Pj , j| } = a 2 (i)<^ + b 2 (t)g 0i g°i. 

THEOREM 3.1. A natural tensor field J of type (1, 1) on T*M given by 
(jg.jp or <\3.2\i defines an almost complex structure on T*M , if and only if 
04 = —03,64 = —63 and the coefficients a±, a 2 , 03, b±, b 2 and 63 are related 
by 

(3.3) aia 2 = l + o|, (at + 2ibi)(a 2 + 2tb 2 ) = 1 + (a 3 + 2£6 3 ) 2 . 



Remark. From the conditions (|3.3p we get that the coefficients ai, 02, ai + 
2tb\, a 2 + 2t&2 have the same sign and cannot vanish. We assume that a± > 
0, a 2 > 0, ai + 2th > 0, a 2 + 2t6 2 > for all t > 0. 



Remark. The relations (|3.3j) allow us to express two of the coefficients 
aii 0,2, 0,3, bi, b 2 , 63, as functions of the other four; e.g. we have: 

l + oj 20363 - a 2 h + 2tb| 

( 3 - 4 ) «2 = -, 6 2 = — — i. 

ai ai + zroi 

The integrability condition for the above almost complex structure J on a 
manifold M is characterized by the vanishing of its Nijenhuis tensor field Nj, 
defined by 

Nj(X, Y) = [JX, JY] - J[JX, Y] - J[X, JY] - [X, Y], 



for all vector fields X and Y on M. 
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THEOREM 3.2. Let (M,g) be an n(> 2) -dimensional connected Riemann- 
ian manifold. The almost complex structure J defined by (13. ip on T*M is 
integrable if and only if (M, g) has constant sectional curvature c and the co- 
efficients bi, 62, b 3 are given by: 

2c 2 ta?, +2ctaia' 2 +aia' 1 — c+3ca| 
ai-2ta[- 2cta 2 -4ct 2 a' 2 ' 



(3.5) 



61 



bo 



2ta'^ —2ta' 1 a'2+ca'^+2cta2a'2+ciict'2 
ai —2ta'-y — 2ctai— 4ct 2 a 2 

a\a'^+2ca2az +Acta' 2 03 — 2cta2 a' 3 
ai —24(1^ — 2cta,2 —ic^a^ ' 



Proof. From the condition Nj(-*j^r, ^-) = we obtain that the horizontal 
component of this Nijenhuis bracket vanishes if and only if 
, c , , a 2 a' 3 + 2a 3 b 2 - a 2 b 3 

(3 - 6) ° 2 = 2(a 3 + tb 3 ) 

and the vertical component vanishes if and only if 
(3.7) (ai4 - ai b 2 + 2a 3 b 3 t)(5% Pi - Sfa)- 



a 2 g K, 



kij - a2b2 9 0k g 0l ( Pj R h kll - Pi R h hjl ) = 0. 



Taking into account that the curvature of the base manifold does not depend 
on p, we differentiate with respect to pk in (13. 7\\ . Considering the value of this 
derivative in p = 0, we get 



(3.8) 
where 



R 



kij — c ($i 9k j 

oi (0) 



Shu), 



4(0) 



(6 2 (0)-a' 2 (0)), 



which is a function depending on q 1 ,...,q n only. According to the Schur's 
theorem, c must be a constant when n > 2 and M is connected. 

Using the condition of constant sectional curvature for the base manifold, 
we obtain from Nj(-^, ^j) = 0, the following expresions for a^ and a' 3 



(3.9) 



ai&i+c(l— 3a 2 — 4tci3 03) 
ai+2tbx • 

a 1 b 3 -2ca2(a3+tb 3 ) 



l 3 ai +2tbx 

If we replace in (|3.6|) the expression of 03 and the relations ([3? 



we may 



write a' 2 in the form 



a' 2 



2a 3 b 3 - a 2 &i - col 



(3.10) 

v ' ' a 1 + 2tb 1 

The values of a' x , a 3 in (|3.9p and a' 2 in (|3.10j) fulfill the vanishing condition 
for the vertical component of the Nijenhuis bracket Nj(-^-, ^j)- The same 
expressions fulfill also the relation 

(3.11) aia'2 + a'ia2 = 2a 3 a 3 , 

obtained by differentiating the first of the relation (|3.3|) with respect to t. 

We may solve the system given by (13.6P and (|3.9p . with respect to 61, &2, ^3- 
Taking (|3.1ip into account, we get the relations (|3.5p from the theorem, which 
fulfill identically the expression of 62 from (|3.4I) , 
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Remark. In the diagonal case, where 03 = it follows 63 = too, and we 
have: 

1 ctia'i — c c — a\a[ 

° 2 = — ' bl = oTT' "2 = — n — • 

ai ai — ica^ oi(a| — 2ct) 

Thus we found some results from [13] and [16], papers which have treated 
only the diagonal case. 

4. KAHLER STRUCTURES OF GENERAL NATURAL LIFT 
TYPE ON THE COTANGENT BUNDLE 



In this section, we introduce a Riemannian metric G of general natural lift 
type on the cotangent bundle T*M, defined by 

f G P (X H ,Y H ) = c l (t)g 7T{p) (X,Y) + d 1 (t)p(X)p(Y), 



(4.1) 



G p (6 v ,u v ) = c 2 (t)g^ p) (6,Lo) + d 2 (t)g^Jp,6)g;l p) (p,co) 



G p (X H ,e v ) = G P (9 V ,X H ) = c 3 (t)e(X)+d 3 (t)p(X)g~f p) (p,9), 



V X,Y € X{M), V 9,oj € A 1 (M), V p € T*M. 

The expressions (|4.ip in local coordinates become 



(4.2) 



G( 



d d ■ 
9pi ' 9pj ■ 



where c\ , C2 , C3 , di , 02 , d3 are six smooth functions of the density energy on 
T*M. The conditions for G to be positive definite are assured if 

(4.3) ci + 2tdx > 0, c 2 + 2id 2 > 0, 

(ci + 2tdx)(c 2 + 2td 2 ) - (c 3 + 2td 3 ) 2 > 0. 

The metric G is almost Hermitian with respect to the general almost com- 
plex structure J, if 

G(JX, JY) = G(X,Y), 

for all vector fields X, Y on T*M. 
We prove the following result 

THEOREM 4.1. The family of natural Riemannian metrics G on T*M such 
that (T*M,G,J) is an almost Hermitian manifold, is given by (14. 2j) . provided 
that the coefficients c±, c 2 , C3, d\, d 2 , and 03 are related to the coefficients 
01, fl2 5 a 3 ; ^l) and b% by the following proportionality relations 



(4.4) 



(4.5) 



Cl _ C2 _ C3 _ 

ai 02 03 
ci + 2td\ c 2 + 2td 2 c 3 + 2tc?3 



A + 2tfx, 



ai + 2i6i a 2 + 2t6 2 «3 + 2tb 3 
where the proportionality coefficients A > and A + 2tfi > are functions 
depending on t. 
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Proof. We use the local adapted frame {g^r, ^}ij=i, 



t . The metric G is 
almost hermitian, if and only if the following conditions are fulfilled 



(4.6) 



G ( J Jl' J Wj 



- Sq 1 ' Sql 



By using Lemma 12.11 we obtain that the coefficients of gij, g %3 , 5j in the 
conditions (|4.6p must vanish. It follows that the parameters c±, c 2 , c 3 , from 
the definition of the metric G, satisfy the homogeneous linear system of the 
form 

l)ci + a\c 2 - 2aia 3 c 3 = 0, 



r («§ 



(4.7) 



a|ci + (a§ 



l)c 2 - 2a 2 a 3 c 3 = 0, 



a 2 a 3 c\ + aia 3 C2 — 2aia 2 c 3 = 0. 



0? 

g Pj m 



The nontrivial solutions of (14. 7|) are given by the expression (|4.4p . 

From the vanishing condition for the coefficients of PiPj, g 0t g ^ , 
(I4.6|) . we obtain a much more complicated system, fulfilled by d\, d 2 , d 3 . 
In order to get a certain similitude with the above system (14. 7h . fulfilled by 
ci, C2, c 3 , we multiply the new equations by 2t and substract the equations 
of the system (14. 7ft . respectively. The new system may be written in a form 
in which the new unknowns are c\ + 2td\ , C2 + 2td 2 , c 3 + 2td% : 

[(a 3 + 2t& 3 ) 2 - l](ci + 2td 1 ) + (ai + 2tb 1 ) 2 (c 2 + 2td 2 ) 
-2(oi + 2%)(a 3 + 2t6 3 )(c 3 + 2td 3 ) = 0, 

(a 2 + 2t6 2 ) 2 (ci + 2idi) + [(a 3 + 2t6 3 ) 2 - l](c 2 + 2id 2 ) 
-2(a 2 + 2tb 2 )(a 3 + 2t6 3 )(c 3 + 2td 3 ) = 0, 

(a 2 + 2t6 2 )(a 3 + 2tb 3 ){c 1 + 2idi) + (01 + 2i&i)(a 3 + 2tb 3 ){c 2 + 2td 2 ) 
-2(oi + 2tb 1 ){a 2 + 2i& 2 )(c 3 + 2td 3 ) = 0. 



Then the nonzero solutions are given by the relation (|4.5p . 

The conditions (|4.3p are fullfield, due to the properties (|3.4p of the coeffi- 
cients of the almost complex structure J. 

The explicit expressions of the coefficients di,d 2 ,d 3 , obtained from 
are 



(4- 



di = A&i +/i(ai + 2i&i), 
d 2 = A6 2 + /i(a 2 + 2t6 2 ), 
d 3 = A6 3 + //(a 3 + 2t6 3 ). 



Remark. In the case when a 3 = 0, it follows that c 3 = d 3 = and we 
obtain the almost Hermitian structure considered in [13] and |16j . Moreover, 
if A = 1 and p, = 0, we obtain the almost Kahlerian structure considered in 
the mentioned papers. 

Considering the two-form Q defined by the almost Hermitian structure 
(G, J) on T*M 

n(X,Y) = G(X, JY), 
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for all vector fields X, Y on T*M, we obtain the following result: 

PROPOSITION 4.2. The expression of the 2-form Q in the local adapted 
frame {-^, ^-}i J= i,...,n on T*M, is given by 

n (I? n (£■ h) = °- n (£• 4?) = A ^ + 

or, equivalently 

(4.9) O = (A5J + ng 0i Pj )D Pi A oV , 

where Dpi = d Pi — T® h dq h is the absolute differential ofp{. 

Next, by calculating the exterior differential of f2, we obtain: 

THEOREM 4.3. The almost Hermitian structure (T*M,G,J) is almost 
Kdhlerian if and only if 

H = X'. 

Proof. The differential of Q is 

dQ, = (dXS'j + d/j,g 0i Pj + ^dg 0i pj + /j,g 0i dpj ) A Dpi A dq j + (XSj +iu 1 g 0i p j )dDp i A dq j . 
We first obtain the expressions of dX, dfj,, dg° l and dDpf. 

dX = X'g oh D Ph , da = n'g oh D Ph , dg° l = g M Dp h - Y) dq^ , 

dD Pi = ^R% h dq h A dqi - T%Dp h A dqK 

By substituting these relations in dfl, using the properties of the external 
product, the symmetry of , T^- and the Bianchi identities, we get 

dfi = ~(A' - ii) Pk (g kh 5) - g k% b))Dp h A D Pi A dq> . 
Hence dVt = if and only if [i = X'. 

Remark. Thus the family of general natural almost Kahlerian structures on 
T*M depends on five essential coefficients a\, a%, b\, 63, A, which must satisfy 
the supplementary conditions a\ > 0, a\ + 2ib\ > 0, A > 0, A + 2tfi > 0. 

Combining the results from the theorems 14.11 13.21 and 14.31 we may state 

THEOREM 4.4. An almost Hermitian structure (G, J) of general natural 
lift type on T*M is Kahlerian if and only if the almost complex structure J is 
integrable (see Theorem \3 .2i) and \i = A'. 

Remark. The family of general natural Kahlerian structures on T*M de- 
pends on three essential coefficients a\, 03, A, which must satisfy the supple- 
mentary conditions a\ > 0, a\ + 2tb\ > 0, A > 0, A + 2tX' > 0, where b\ is 
given by (|3.5[) . 

Examples of such structures may be found in [12], [13] . |16j . 
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